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We study the thermodynamic properties of a partially ionized hydrogen plasma in strong magnetic fields,
B~ 10'%- 10 G, typical of neutron stars. The properties of the plasma depend significantly on the quantum-
mechanical sizes and binding energies of the atoms, which are strongly modified by thermal motion across the
field. We use new fitting formulas for the atomic binding energies and sizes, based on accurate numerical
calculations and valid for any state of motion of the atom. In particular, we take into account decentered atomic
states, neglected in previous studies of thermodynamics of magnetized plasmas. We also employ analytic fits
for the thermodynamic functions of nonideal fully ionized electron-ion Coulomb plasmas. This enables us to
construct an analytic model of the free energy. An ionization equilibrium equation is derived, taking into
account the strong magnetic field effects and the nonideality effects. This equation is solved by an iteration
technique. lonization degrees, occupancies, and the equation of state are calcbl#68-651X99)01308-3

PACS numbse(s): 52.25.Kn, 05.70.Ce, 95.30.Qd, 97.60.Jd

. INTRODUCTION p>peZ Y2, We considerz;=1 and lower densities, for
which atoms are present in the plasma and contribute to the
Magnetic fieldsB~10'*-10"3G typical of isolated neu- EOS.
tron stars qualitatively modify many physical properties of The atom in a strong magnetic fielg>1 is compressed
matter(see Refs[1,2] for reviews. In this paper we calcu- in the transverse directions to the size of the “magnetic
late the thermodynamic properties of a strongly magnetizedength’:
hydrogen plasma at temperatufe-10°°—17° K, which
may compose outer neutron-star envelop@s5|. As we am=(fic/leB)Y2=a,y 12 )
shall see, the plasma under these conditions can be partially
ionized, and the quantum-mechanical properties of both freghere a,=7#2/(m.e?) is the Bohr radius. The ground-state
electrons and bound speciggimarily hydrogen atomsare  binding energy grows logarithmically with and exceeds the
strongly modified by the field, which thereby affects the ther-ground-state energy of the field-free atom by order of mag-
modynamics. nitude atB~10'G [1]. lonization equilibrium of atoms in
The motion of charged particles in a magnetic field isstrong magnetic fields was first discussed by Gnedlial.
quantized into Landau orbitals. The magnetic field is called10] and Khersonskif11]. Khersonskii[12] considered also
strongly quantizingf the free electrons populate mostly the dissociation equilibrium of K" species. However, these pio-
ground Landau level2]. This is the situation which we are neering works neglected modifications of the atomic proper-
especially interested in. It occurs when the electron cyclotromies caused by the thermal motion of the atoms across the
energyhw.=heB/(ms) (wheref, e, mg, andc are the field.
Planck constant, electron charge, electron mass, and speed of The motional modifications of quantum-mechanical char-
light, respectively exceeds both the thermal enefgyT and  acteristics of the atom arise from the coupling between the
the electron Fermi energyr—that is, for temperature$  center-of-mass motion across the field and the relative
<Tg and densitiep<pg, where electron-proton motiorf13—17. The role of these effects
was appreciated by Ventuet al. [18], who, however, did
Tg=3.16x10y K, pg=0.809%*% gcm® (1)  not treat them quantitatively. An increase of the nonionized
fraction caused by the motion effects was mentioned by Pav-
(see Sec. lIIAL Here, the parametey=7%°B/(mice®)  lov and Meszaos[16], who used perturbation theory appli-
=B/(2.35x10°G) is the electron cyclotron energy in cable to atoms only slightly distorted from their rest-state
atomic units. cylindrical shape. Quantum-mechanical calculations of bind-
We will refer to astrong magnetic field wheny>1. A ing energies and wave functions of hydrogen atomarig
number of studies of the equation of stéOS of matter in  states of motion in the strong magnetic fields have been car-
strong magnetic fields were based on various modificationged out only recentlyf15,17).
of the Thomas-Fermi approximati¢6—9|. This approxima- Lai and Salpetef19,20 evaluated the effects of motion
tion works reasonably well at largeand for large ion charge on the ionization equilibrium using an approximation for the
Z;. Abrahams and Shapif@] estimate its validity range as binding energies of moving atoms which does not apply to
the so-calledlecentered statefor which the electron-proton
separation is largél4,15,17. Nonideality effects were in-
*Eelectronic address: palex@astro.ioffe.rssi.ru cluded in the ionization equilibrium equation only as a
"Electronic address: chabrier@ens-lyon.fr pressure-ionization factor fop>10*gcm 3. As a result,
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this equation contains a factor which divergasd becomes native EOS was derived in a self-consistent manner by Sau-
even negativeat sufficiently high temperatures. mon and Chabrief26,31,33,34 (hereafter SCfrom effec-
Recently, Steinbergt al.[21] calculated the second virial tive pair potentials between plasma particles, but with
coefficient of the proton-electron plasma in arbitrary mag-neglect of the Stark broadening. The ionization degree de-
netic field and constructed an EOS at low densities. Theluced by SC strongly differs from that by MDH. The origin
bound states were included using the Planck-Larkin partitiorof the discrepancy is rooted in the fact that strongly per-
function. This approach yields correct EOS at the low denturbed atoms, whose spectral lines disappear due to the Stark
sity where the virial expansion hold®22]. However, the merging, may still contribute to the EOS as bound species
Planck-Larkin formalism fails at higher densities, where ong35]. Thus the approaches of MDH and SC are reconciled by
has to resort to the chemical picture of the plasma, as disan approximate treatment of the atoms perturbed by plasma
cussed in detail, e.g., by Ppenet al. [23]. In addition, ions as quasicontinuum atomic states, which contribute to the
atomic binding energies were calculated[Rl] using ap- EOS as atoms although they do not show atomic spectral
proximationg 19] which have very restricted applicability as lines[32].
shown in[24]. The chemical picture faces a principal difficulty in cases
In this paper we use new fitting formulas to atomic ener-where the interaction between nuclei and electrons in a
gies and sizef24] based on a previous numerical stydy], bound state is comparable to the interaction between a bound
valid for any state of atomic motion. The moleculay flac-  object and neighboring plasma particles. This situation oc-
tion is evaluated following the approach of Lai and Salpetercurs when pressure ionization is important or when high
[20] but with a modified treatment of nonideality. Our atomic levels are appreciably populated. In these cases, a
knowledge of the quantum-mechanical properties of molspecial term should be included into the free-energy model,
ecules in a strong magnetic field is still incomplete, but anin order to distinguish between bound and free states. For
evaluation of the molecular fraction is useful to determineinstance, MDH constructed aad hoc “pressure ionization
the validity domain of our EOS at relatively low tempera- term” in the free energy29], SC introduced hard cores with
tures(where the molecules dominate fixed diameters in the effective potentials for bound species
The next section presents a simple thermodynamic modé¢B4], and exponential “unbinding” occupation probabilities
of the hydrogen plasma. The model is tested in the nonmagwere used iff32]. The latter approach has been justified by
netic case by comparison with more elaborate models, and onsidering an excluded volume of the bound objects at rela-
shown to provide sufficient accuracy at highwhere the tively low density, assuming an uncorrelated distribution of
molecular fraction is small. In Sec. Ill, we consider a fully the plasma particles. At high density, the strong correlations
ionized plasma in a strong magnetic field. The partial ioniza-of the positions of the particles must be taken into account.
tion and dissociation are discussed in Sec. IV, where an andheir approximate treatment in the hard-sphere méelgj.,
lytic model of the plasma free energy is constructed and théy SO appears to be practical for this purpose.
ionization equilibrium equation is derived. Numerical results  In the case of the strong magnetic field, the model of the
are presented and discussed in Sec. V. plasma cannot be as detailed as, e.g., the SC nonmagnetic
model, because the effective potentigiartly derived from
high-pressure experiments in the zero-field ¢ase not
available. Therefore we use a simple hard-sphere picture de-
A. Chemical picture of the plasma scribed below. In order to check the validity of this model,

A theoretical description of partially ionized plasmas can’® apply the same assumptions to the well-studied zero-field
be based either on the physical picture or on the chemicdidse and compare the results with those of more elaborated

picture of the plasm22]. In the chemical picture, bound models.

speciegatoms, etg.are treated as elementary entities along

with free electrons and nuclei. In the physical picture, nuclei B. Free-energy model

and electrongfree and boundare the only fundamental con-  Consider a plasma consisting of electrons, protons, and H

stituents of the thermodynamic ensemble. The relative meritgtoms in a volumé/. Let us write the Helmholtz free energy
of the two approaches have been discussed, e.§25126.  asF=F,+F,,, where

We use the so-called occupation probability formalism in
frames of the chemical picture. Occupation probabilities, Fia=F&+FP+FIRY F g (3)
which ensure convergence of the internal partition functions
(IPF), were first introduced by Fernfi27], who has demon- is the sum of the ideal-gas free energies of the electrons,
strated their immanent relation to a nonideal contribution inProtons, neutral species, and photdtiermal radiatiop re-
the Helmholtz free energy. Various approaches to the corspectively, and=, is the excesgnonideal part.
struction of the occupation probabilities have been reviewed
by Hummer and Mihalag28]. The approach adopted by Mi-
halas and co-workerf28-3Q (hereafter MDH is based on We consider nondegenerate protons and neglect their spin
the Inglis-Teller criterion of Stark broadening conventionalstatistics both in bound and free stat#sis amounts to an
for plasma spectroscopy, which gives optical spectra consisadditive constant in the entropy that affects neither ionization
tent with available experimeni(see, e.g., Ref23]). How-  equilibrium nor the EOS, provided the total number of free
ever, the equation of state derived by MDH is unrealistic atand bound protons\,, is fixed. Then
p=10 2gcm 3 (see[31]), and the approximations made in
its derivation are lacking in self-consisten32]. An alter- BFINy=In(no\5) — 1, (4)

Il. THERMODYNAMIC MODEL: THE ZERO-FIELD CASE

1. Ideal part of the free energy
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where B=(kgT) 1. Here and hereaftef\,, n,, and\, whereFijis the excess free energy of the ionized part of the

=(2mph*/m,)"? denote, respectively, the total number, plasma and="%" accounts for interactions of neutral species
number density, and thermal wavelength of particles of typeyith electrons, protons, and other neutral species. The Cou-
a with massm,, . lomb term
For the ideal gas of electrons, we use the iderB]
(e)_ ng:Fii"H:ee"'Fie (13
Fia = meNe—PeV, 5
includes contributions from the exchange and correlation in-
wherepu, and P, are the chemical potential and pressure ofteractions of electrong,,, Coulomb interactions in the one-
the ideal Fermi gas, respectively, which can be obtained agomponent plasmgOCP of ions F;;, and ion-electron

functions ofne andT from the equations (screening interactionF,.. These contributions have been
calculated by various procedures, e.g., by solving a set of
8 kgT ©6) hypernetted-chain equations or Monte Carlo simulations

Pe:g\/; )\_§|3’2(’8’U“9)’ [38—47. We make use of the fitting formulas to the results

of such calculations, obtained j89] for F.. and in[41] for
F; andF,.. These formulas express the electron-ion plasma

4
”eZﬁH/z(ﬁMe)- (7)  free energy as an analytic function of the electron density
mhe parameter
Here, re=ae/a,~1.3% 3 (14)
e X’ and Coulomb coupling parameter
L )_fo exp(x—z)+1dx ®

I'=pBe?la,~0.22p3 Tg, (15)
is the Fermi integral. With the use of Padpproximants to
the functionsl ,(z) and their inverse functionf7], F{9 is

expressed as an analytic functionM§, V, andT. andTe=T/ 1_06 K. _ o
In the zero-temperature limit, one may replacéBu.) The nonideal part of the atomic free enery;", can be

by (Ber)”(v+1), which gives, in particular, the well- Written as[33,34
known expression

wherea,=(47n./3)” ® is the mean interelectron distance

nguz FHS+ Fperta (16)
2

(37%ng) %3, (9)  whereF g is the reference free energy, treated in the hard-
sphere approximation, arfél,e. is the perturbation part that

The Fermi temperature is defined aB-=er/kg~3 accounts for the attra_ctlv_éyan der Waalginteractions. To

X 10°%23K, where p=1.673%1,/(10%cm3) is the mass calculate these contr|but|ons_, an .elaborate.modell has been
: developed by S€33,34. Its simplified analytic version for

weak electron degeneracy has been constructd@dh In

the so-called van der Waals one-fluid mofi&8], a free en-

ergy of the hard-sphere mixture is represented by the

Carnahan-Starling formulgi4]

—
F2m,

density of the electron-proton plasma in g ¢nin the non-
degenerate limiff>Tg, the ideal Boltzmann gas relations
are recoveredue=kgT IN(NAY2) andP=n.kgT.

For the atoms, one has

Fii=keT2 N[In(NAYg0—1-Bx.], (10 BFus/Nior=(47—=37%)/(1= )%, 17

_ o ~ whereN;;;=2,N, is the total number of particles,
where k enumerates quantum states with statistical weights

g, and binding energieg,. . T
It should be noted that, although nonideality effects are n= 6NV
not included inF;4 explicitly, they do affect the equilibrium 0

value ofFjq through particle numbers. In particular, the dis-js the effective packing fraction, and,,. are the hard-
tribution of N in Eq. (10) is notassumed to obey the ideal- gphere interaction diameters. In our case, the subsaript

> NoNgd? (18)

'
aa

gas Boltzmann law. . . enumerates atomic quantum states described by quantum
Finally, the radiation termiwhich can be important only nymbers« and takes on a single valpefor the free protons.
at low p or very highT) reads In the following, we compare two versions of the model:

(i) the full version, in whichF . andd,,  are given by
approximations of 32], with one exceptionadopted from

. . (0
whereo= w2k3/(60%3c?) is the Stefan-Boltzmann constant. [34]) thatd,, cannot be smaller than a certain lina),
and (ii) the simpleversion, in which long-range atomic in-
2. Excess free energy teractions are disregarded. In the latter cdsg,~0 and

. . . —40) ; ;
The excess free energy is conventionally written as doqr=d,, - Furthermore, we adopt the simplest choice

Frag= — (40/3c)VT4, (12)

Fox= FC+ FIe (12) d0 =1+, d9=1,, (19)

ex’
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FIG. 1. Comparison of the fraction of neutral
atoms fy=ny/ny given by SC tables(short-
dashed ling and by two present versions of the
thermodynamic model of partially ionized atomic

log,, (neutral fractions)

:/ i / simple \ ' /-/ \'\ | hydrogen(see texk The long-dashed line corre-
L i/ ___._8sc / ‘\ sponds to the fraction of atoms that satisfy the
r / ——— H, (SC) \ / 1 Inglis-Teller criterion. The dotted line is given by
-1 / —_ \/ W the usual Saha equation for ground-state atoms.
o Saha (gr_ st,) / it 4

AN I A
-5 -4 -3 -2
log,, p (g cm™9)

wherel . is the root-mean-square proton-electron distance irand calculates the number densities from E6) and(24).

the quantum state [45]. For the interactions among charged Then thew,'s are refined using these number densities in Eq.
particles, we defind,, =0, because this type of interaction (23) [46].

is already included in the Coulomb part of the free energy. The molecules K can be easily included in this proce-
Note that in the secongimple version of the modelF,,s  dure. The dissociation-recombination equation reads

turns into the unbinding terrfr,, of Ref.[32] in the low-

density limit (y<<1). Thus the unbinding term is now incor- (29
porated inFyg, which allows us to approximately take into
account the correlation effects.

Ny, =NAA1V2)°Z,2 123,

where Z,, is the molecular IPF, modified by multiplying
eachxth term by an occupation probabili'w';|2 [32], given

C. Equilibrium conditions by
Thermodynamic equilibrium is given by the minimization H OF ey OFay| OFex
. . 2—
of F(V,T.{N,}) with respect to the particle numbehs, KeTInw,*=2{ -5~ + — )— N (26)
p e «

under stoichiometric constraints. The condition of the extre-
mum of F can be_ written in the form of the Saha.equatlon For simplicity, we do not include molecules in the present
corrected for nonideality and electron degeneracy: . . :

versions of the model, because the fraction gfisismall in
the range ofp and T which we are interested in.

Ny= NN (M, /my) 34 Z,/2)et, 20
R Mpfehe(My /M)A Z0/2) 20 After the equilibrium distribution of plasma particles is
where found, the pressur®, internal energyJ, and entropyS are
calculated from the relations
A =BIF1IN.—In(N\2/2) (22)
BRI N In(nehe P=—(FIN) 1y, U=LBFIBI . @D
allows for electron degeneracy and
g y S=(U—F)/T. The higher-order thermodynamic quantities
are obtained by differentiation ¢f,U,Swithout keepingN,
Zu= > g.W,ePXx (220 fixed[36].

is the modified IPF which includes the occupation probabili- D. Results of comparison

tiesw, , defined according tf32]: The ionization curves given by different versions of the
model are compared in Fig. 1 far=10"°K. Although the
neglect of the perturbation terms introduced in the simple
version is most perceptible at such relatively low tempera-
tures, the “full” and “simple” versions of the model yield

To solve Eq.(20), one must add the electroneutrality condi- practically identical atomic fractions;=ny/ng.

Fex+ &Fex
N, N,

IF o
N,

kT Inw, = (23)

tion ng=n, and the mass conservation condition+n,
=ng, Whereny=p/my=(p/11.293gcm?)a, >.

The results of SC31] qualitatively agree with the present
model. Quantitatively, they differ in the pressure-ionization

The Boltzmann distribution of the atoms, corrected forregion atp>0.1gcm 2, where the theoretical uncertainty is

nonideality, reads

N,=Nuo, W, e’X«/Z, . (24)

largest(see Sec. IIA The difference in the low-density re-
gime p<10~“*gcm 2 is due to highly excited states. If both
the effective diameted and statistical weighg,, are propor-
tional ton? (n being the principal quantum numbethen the

The minimum of the free energy is sought by solving Egs.neutral fraction should asymptotically decrease at low den-

(20)—(24) iteratively [32]. First, one defines starting,’s

sity asfyxp2 Our present model exhibits this asymptotic
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1 FIG. 3. Two adiabatic gradient isotherms given by different

FIG. 2. Comparison of two present versions of the EOS of par-EOS models in the domain of partially ionized atomic hydrogen.
tially ionized atomic hydrogefisee text with Refs.[31] (SC and
[32]. The EOS of ideal fully ionized gas is also shown. [49], based on the physical picture of the plasma and also

shown in Fig. 3. Compared to SC, the present data tend to be
behavior; the dependendg>p'’® seen at lowp in the SC  closer to the OPAL data. We conclude that the simplifica-
data might result from a choicgxn. tions introduced above are acceptable to describe the thermo-

The long-dashed curve represents the fraction of atomdynamics of atomic hydrogen. In Sec. IV, we generalize the
satisfying the Inglis-Teller criterionf,r=2n,W,/ny. Here, model to the case of the strong magnetic field.

W, is the probability that a given atom is not strongly per-
turbed by plasma microfields; it is estimated from E3{) of
Ref. [32]. Using f;r, we have calculated monochromatic
opacities of the plasma and compared them with the OPAL
monochromatic opacitig#7] (at p<10T¢ g cm ® where the In this section, we describe effects of quantizing magnetic
OPAL data exist Along the isotherm shown in Fig. 1, our fields on the fully ionized proton-electron plasma. We as-
results agree with OPAL within 12% in the photon energysume that the fiel® is uniform and directed along thmEaxis.
range from 13.6 eV to 500 eV where the opacity is domi-
nated by bound-free atomic absorption. For comparison, hy-
drogen opacities calculated jA8] differ from OPAL by up

to 37%(in the same range of energy and density at the same 1. Electrons
7).

Figure 2 demonstrates that the EOSs obtained with the
full and simple versions of our model practically coincide. In
the region of weak degeneracy, they also coincide with the en(p,) =NAw .+ D?l(zme)- (29
model presented ifi32]. Moreover, there is a good agree-
ment with the SC moddI31]. Small differences occur only

in the regions where the SC model predicts an appreciabl¥N€rep. is the longitudinal momentum ard=0,12. .. is
amount of molecules, as explained[B2]. the Landau quantum number. All levels except the lowest

As is well known, the second-order quantities are more’n€ are double degenerate with respect to the spin projection.

sensitive to the details of the thermodynamic model than thetictly speaking, the anomalous magnetic moment of an

first-order ones. The adiabatic temperature gradient electron leads to a splitting of the levelsi=1 by
0.001 1& w., which takes off the double degeneracy. How-

Vai=(dInT/dInP)g (28 ever, this splitting cannot affect the thermodynamicspat
<pg, WherekgT should be at least comparablefta. for

is shown in Fig. 3. There are only tiny differences betweeran appreciable population of the excited Landau levels.
the full and simple versions. For comparison, we also show The thermodynamic functions of the electron gas in the
V.q from other models. In its validity regiofi.e., at low magnetic field are easily derived from the first principles
density, the model[32] approximately agrees with the [36]. Taking into account the fact that the number of quan-
present one. The differences with predictions of SC ardum states of an electron with fixed discrete quantum num-
somewhat larger. In all models, the isotherms “wiggle” in bers in volumeV per longitudinal momentum intervalp,
the region of consecutive pressure destruction of exciteequaIsVApZ/(4w2aﬁ1ﬁ) [50], the thermodynamic potential
atomic states. Such wiggles are absent in the OPAL dat@ =— PV can be written as

Ill. FULLY IONIZED PLASMA IN A STRONG MAGNETIC
FIELD

A. ldeal gas

The electron energy in a magnetic field ref86]
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VigT & w0 I1-|ere, for sake of brevity, \l/ve drop the zero-point energy
Q=- mNE:O ngO In(1+ ePlreen(Pydp, | sfiwc, and the spin energy: igyh wc,, Whereg,=5.585 is

m the proton spin gyromagnetic factf0]. We suppress these
terms also for atoms and molecules. Taking them into ac-
rc:ount yields an additive contribution to the total free energy
SF the system, equal to

wheregy is the statistical weightgy=1 andgy=2 for N
=1). Hence the electron pressure and number density a
given by the equations

oo

kT
2 E anl A Bun), (30)

1
_ AF=Noj 5hwc,—KgT IN[2 cosliBgpfiwc/4) ]| (36)
Pe=—3p_2— - 2
T AN e N=0

L - (No=Nj in the case of full ionization SinceN, is constant,
AF affects neither ionization equilibrium nor pressure, but it
> gl 1l Brw), (3D) q :

N 2773’2aﬁ1)\e N=0 does affect the internal energy and specific heat; therefore we
take it into account in Sec. V.

Ne

whereun=u.— NAw;. The Helmholtz free energy is given
by Eq. (5), whereu, can be found by inversion of E¢31) B. Nonideal Coulomb plasma

(e.g., using an algorithm described [f]). ) .
In the nonquantizing magnetic fiells<T, where many According to the Bohr—van Leeuwen theorem,_a magnetic
Landau levels are populated, the sum obein Egs. (30), field does not affect the thermodynamics of classical charged

(31) may be approximated by an integral, and integration b)particle systemssee, e.g., Ref52]). Thus the classical ionic
parts reproduces Eqe8), (7). OCP excess free energyy; (I') does not depend dB at any

In the domain of strong magnetic quantizatidrs T and I'. The classical regime for the electron-proton plasma cor-
p<pg, One may retain only the termi=0. In that case responds to>1 andl'<1, where the excess Coulomb free

. . # c

replacinal _ by 2./Bec in Eq.(31) (bv analogy with  €Neray is given by the Debye-idkel formula Fg,

S(fc. 1 B? yiéﬁzd(s'gﬁ{g F)t/armiﬂenFerqu (31} (b o = —NgkgTV8T%/3. Indeed, it is easy to check that this law
holds independent d8 [8].

22 2 » A magnetic field, however, affects quantum-mechanical

(amNe)”. (32 contributions toFS,. These effects have been studied only in
low-temperature or low-density regimes.

By definition, p=pg at e=hw.. Hence plpg The ground-state exchange energy of the electron gas in

=3x(2yr2)~%2 from which Eq.(1) follows. A comparison the strongly quantizing field [7,53] behaves as

of Egs.(9) and(32) reveals that the Fermi energy changes by—2.25(yr3) [ In(#3—0.457+---]e*/a, (per electroh,

a factor (4/33(p/pg)*®. Thus the degeneracy is strongly compared to—0.757~ Y(9/4)"% _ *e?/a, in the nonmag-

reduced ap<<pg. netic casg54]. Thus the exchange energy B&Tg is sup-

In the nondegenerate regime>Tg, one hasl (Bue)  pressed by a factor0.2036yr 2/[In(y2)—0.457]. Note that
~expBuel'(v+1); therefore Eqs(30), (31) reduce toP.  the condition of strong magnetic quantization requiye$to
=nekgT and be large.

3 A general low-density expansion for the free energy of a
Bue=In(NeAe/2) —Inu+In(tanhu), (33 Coulomb plasma in an arbitrary magnetic field up to order
p°? has been derived by Corig2]. The coefficients of this
expansion are not available in explicit analytic form but re-
quire numerical evaluation, which has not been done yet. In
the particular case of the OCP, a Wigner-Kirkwood-type ex-
pansion in powers ofi is available[52]. The lowest-order
term of the latter expansiofguantum diffraction term of
order#?) has been obtained by Alastuey and Jancd\6i:

FI¥=NkgT[In(27a2\ene) —1]. (34) 2

Faitt=Nekg T 8r.

€=
e

where u=Bhw /2=Tg/(2T). This yields an explicit ana-
lytic form for F{Y). In the nonquantizing field[g<T, the
last two terms in Eq(33) cancel out, and the classical ex-
pression(Sec. 11 B) is recovered. In the strongly quantizing
regime p<pg and Te<T<Tg, the last term of Eq(33)
vanishes, which yields

(37

J— +_
utanhu u? ' 3

2 2 1}
2. Protons

The transverse motion of protons is quantized in Landawvith u defined as in Eq(33). The square brackets in E@7)
orbitals with the elementary excitation equal to the protongo to 1 atu— 0, recovering the well-known zero-field result,
cyclotron energyfi w.,=(me/mMy)fiw.. The energy spec- and to 1/3 atu>1, reflecting the fact that two of three de-
trum is given by Eq(29) when replacingn, by m, andw.  grees of freedom for the electron motion are frozen out in the
by w¢,. Unlike the case of electrons, the double-spin degenstrongly quantizing field. Equatiof87) is valid in the low-
eracy of the Landau levels is taken off by the abnormal mageensity regime, where.>max(@,I'"Y). In this regime the

netic moment of the proton. correction(37) is smaller than the classical OCP corrections
In our analysis, the protons are always nondegenerate, $0 the Debye-Hokel formula. In the electron-ion plasmas,
that by analogy with Eq(34) we have Fairr is canceled because of the local neutrality relafio®).

® 5 o In this paper, we are mainly interested in the case where
BFid’ INp=In(2magpny) +In[1—e"#@ep]—1. (35  (r)~1~3.16T¢=1. In this case, a high-temperature expan-
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FIG. 4. Contribution to the electron-gas non-
ideal free energyf .= BF../N, beyondfS5"=
—T%%v3 at three values of the magnetic field
parametery and three values of the density pa-
rameterr ¢ (indicated. The scaled fi{solid lines;
see text is compared with the high-temperature
expansion up to ordere? and e* (dotted and
dashed lines, respectivelgnd with the classical
OCP (dot-dashed lines

sion[56], which can be written as an expansion in powers ofwe get the nonmagnetic valug = 6,; (iii) in the strongly

two small parameters, = \T'/r ands,=\T/r, is relevant

gquantizing degenerate regime§>1 and#,,<1, the correct

at low densities. The lowest-order correction is the Hartreevalue of the degeneracy parametér= 6,, is recovered; and

Fock term«=#2e?. Steinberget al. [21] have recently ob-
tained an analytic result for this term in a magnetic field:

where the function

fi(u

goes to 1 at smalli, reproducing the zero-field resuk6],
and to In(41)/u at very largeu.

Steinberget al. [21] have also calculated the corrections
«fe* (the Montroll-Ward and exchange termBor the elec-

validity.
(38)

(iv) in the strongly quantizing nondegenerate regiye
>1 and 6,,>1, the fit reproduces Ed38) in its range of

Figure 4 demonstrates the validity of the adopted modifi-

cation of F., atI'<<1, for three values of g, for which the
quantum contributions thgx could appreciably affect our
results. We plotdeparturesof F.. from the OCP Debye-

BFpe  3I7

N, ——8—rsf1(u),
_ cosf{2u) [tanhu] arctanliy/1—u™* tanhu)
)= cosu | u V1—uttanhu

tron gas, they can be written in the form

where f5%(u) and f5%(u) go to 1 atu—0, reproducing the

BF4 3\/; 572
Ne 16 .

16 i,

= [F5%u)+f5%u)n2],

zero-field resul{56], and decrease at large
In order to incorporate these results into the analytic freeterms(40) are also well reproduced.
energy model, we employ a simple scaling procedure. In the For the electron-ion plasma, the screening contribution

fit for feo(6,I') = BF¢e/Ne derived in[39], where 6=T/T¢

Huckel functionF 95", normalized taN ks T and divided for
convenience by'?. The dot-dashed line shows the classical

OCP free energy41], the dotted line displays the? correc-

(39

tion (38), and the dashed line results from inclusion of #ie

corrections(40).

The left panel presents the nonmagnetic case. The solid
line shows the fit toF.. [39]. The region of approximate
coincidence of the fit with the higfi- expansion can be
adopted as the region of validity of the latter. At langg it

is restricted by the conditi092<1(l“<r;1), while at small
rs, the conditionsl<1(1‘<r§) is more restrictive.

(40

The middle and right panels show the modifications of

F e at two values of the magnetic field strength. One can see
that the scaled fit satisfactorily reproduces the expansion in

the validity range of the latter. Surprisingly, although the

scaling is based on the lowest-ordet term (38), the e*

Fie should be taken into account. =0, it has been cal-

is the degeneracy parameter, we replace the zero-field valugilated in a number of papefs.g., Refs[39—-41)) and fitted

0o=2(97/4) 23 IT by

Here, 6,,=8v?r2/(97°T")=0.166,y’rs is the value of the
degeneracy parameter in the strongly quantizing field.
The scaling(41) reproduces limiting cases$t) at rg>1,

1+ 0/ 65

0

=0T (W) (O Oy exp— 6.0

by analytic expressiongtl]. In a strongly quantizing mag-
netic field, this contribution has been analytically evaluated

(41)

only for a dense plasma at zero temperature using the linear
response theory7]. Comparison with the analogous zero-

field result[57] shows that the strongly quantizing magnetic

field increases the screening energy at high density by factor
0.8846y%rZ. To our knowledge, there were no relevant cal-
culations at arbitrary degeneracy. In the regime of low de-

the classical OCP expression is recovered, independently gfeneracy and weak Coulomb coupling, integral representa-

other parametersi) in the nonquantizing regimer2<1,

tions of the low-density expansion coefficients have been
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obtained[21,52. The contribution of ordee” is given by larger:|,~a,/In y for the tightly boundstates ¢=0) and
Egs.(20), (21) of Ref.[21]. It is reproduced if to replace; |,~ayv?® for the hydrogenlikestates ¢=1). Longitudinal
by r/(f59)? in the nonmagnetic expressi§B6]. Here,f5°  energies of the former states growtsc (In )2 whereas the

can be approximate@Within 0.5% as energies of the latter states are relatively smalt!|
06 ~(€*ag)(2n?) "1, wheren is the integer part of £+ 1)/2.
fep:}+ ogarctanfi(1—1)™7] (42) An atom moving across the field acquires a constant di-
272 2(1-1)%¢ pole moment in the direction opposite to gsiding center

_ re=c(eB? BxK. WhenK, is small enough, the dipole
where t=tanh(0.4:)/(0.4u). We apply the scalingrs  moment is also small, anB' is increased by<?/(2m¢,).

—15/(157)? to the formula forFe(rs,T') given in[41]. Here, my, is the so-calleceffective transverse masshich
exceedsny and grows with field strength. In this case the
IV. PARTIALLY IONIZED PLASMA average transverse velocity v§ =K, /m;,. WhenK, ex-
A. Hydrogen bound species in the strong magnetic field ceeds some critical valui .~ 192ﬁ/a0, the atom becomes
decenteredv, reaches a maximum and starts to decrease,
1. Atoms while the electron-proton separation approachgs Thus,

Only a brief summary of the properties of the hydrogenfor the decentered states, the transverse pseudomomentum

atom in a strong magnetic field is given below. See, e.g., Ref. characterizes electron-proton separation rather than ve-
[17] for details and references. locity.

The motion of an atom in a magnetic fidkican be con- In the limiting case oK, > y(v+1/2)*i/a,, the longitu-
veniently described using the pseudomomentém the dinal energies approach the asymptéte- —e”/r.. Note
quantum-mechanical constant of motion related to the aveithat only the states wits=0 may remain bound if they have
age center-of-mass velocity=V (E, whereE is the total such large values df, . Indeed, sinc&' is small for large
energy of the atom. If there were no Coulomb attraction, thé<, , the binding energy(45) becomes negative fos=1.

energy would beE=Ey+ Kﬁ/(ZmH), where However, ats=0 and arbitrarily largeK, , there still re-
mains an infinite number of truly bound stat@&numerated
Eﬁsz Nfiwe+ (N+8)hwg, (43 by v), as has been strictly proved [it7].

Since rc=a(2,KL/yh, the decentered states have huge
is the energy of the transverse excitatidhjs the electron  sjzes aty<1; hence they are expected to be destroyed by
Landau numbers is the z projection of the relative proton- collisions with surrounding particles in the laboratory and in
electron angular momentum, an¢f/(2m,) is the kinetic  white-dwarf atmosphere58]. In neutron-star atmospheres
energy of motion along the field. The Coulomb interactionat y=10°, however, the decentered states may be signifi-
mixes the Landau orbitals. Nevertheless, it is convenient teantly populated, as we shall see below.
keep the quantum numbeid and s for enumerating the Accurate numerical dependences of the atomic binding
quantum states at>1. Then the energy of the atom can be energiesy,,(K,) and sizesl¢,(K,) for 300<y<10* and
decomposed as follows: anyK, have been obtained {i17,24. In Ref.[24], analytic

' N ) fits have been constructed for these quantities as functions of
Ensi(K)=Eng, (K1) + Enst K3/ (2my), (449 yandK, , as well as for the critical pseudomomentip
and transverse mass;, as functions ofy, for variouss and
v. These fits are more suitable for studying the thermody-

where E',‘\ISV(KL)<0 is the “longitudinal” energy, and the

quantum numbewr enumerates the longitudinal excitations. o mics of hot plasmas than previous approximatifie]

At 7’>,1’ the states witiN+0 or larges are subject to auto- \yhich were accurate only for the centered ground state (
ionization. Therefore we pul=0 and suppress this quan- _ ,_ 4 andk. <K ).

tum number hereafter. The binding energy is Lo

Xsu K1) =[Eg,(K )| = shwgy. (45 - . . .
At sufficiently low T or high B, there may exist a consid-

In accordance with Sec. lll A 2, the zero-point and spinerable amount of molecules and ions in the hydrogen plasma.
terms are subtracted from E(43) and absorbed into Eq. The molecular ion K" has been thoroughly investigated at
(36). Note that Eq.(36) is valid for the partially ionized B<10G, including the dependence of binding energies of
plasma provided that the IPF's for atoms with opposite provarious electron-vibrational-rotational levels on the angle be-
ton spin projections are identical. It is true under the assumpkween the ion axis and the magnetic field directi68]. For
tion that the autoionization processes with proton spin flipstronger fields, only the parallel configuration has been con-
may be neglected on the plasma relaxation time scale. Wsidered 12,60—62. The ions B* have negligible abundance
adopt this assumption, because the plasma under considémn-the strong field, owing to the small binding energy, com-
ation is rather dense and nonrelativistic. Otherwise, stategared to the atoms and,Hnolecules[12,20. The same is
with binding energy xs,(K,)<gphwc/2 should be ex- probably true for H ions[20].
cluded from the IPF for atoms with the negative proton spin H, molecules have been studied in detail at various field
projection. strengthd60,61,63. An interesting result is that the ground

At K=0, the atom is axially symmetric, and its sizes state is unbound at 0.¥8y<12.3[63]. Fitting formulas for
transverse to the magnetic field can be approximgte?¥]  the dissociation energies in the parallel configurationjfor
as ly=I,~anys+1, while the longitudinal size is much =10° have been given ifi20,61]. At such fields, the disso-

2. Other bound species
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ciation energy grows~(In y)?, approximately at the same It is convenient to introduce deviations from the Maxwell-
rate as the atomic ground-state energy. The equilibrium inBoltzmann distribution through the occupation probabilities
ternuclear distance decreases as {#/lbeing as small as Ws,(K,):

1/4a, at B=10'2G, again roughly proportional to the longi-
tudinal size of the atom.

Moreover, strong magnetic fields stabilize polymer chains
Hy aligned withB, as first suggested by Rudermd@] and
later confirmed by Hartree-Fock calculatiof@]. The spe- Ne, /Ny=Zs,/Z,, (49
cific quantum-mechanical properties of these spe(ieg.,
their excitation spectjaare poorly known. where

Motional effects on the molecules and chains in the strong
magnetic fields have not been studied. Therefore, one cannot NG (-
construct a reliable EOS in the domain®fT,B where these Zs»sz
species are expected to dominate. For instance, Lai and Sal-
peter[20] estimated the effective transverse mass gfadN
times the atomic effective masBl,méO, and used it in the Zw=2 Zs,. (51)
dissociation equilibrium equation. However, since the sv
heavier molecule has lower velocity at a givEnit is ex- )
posed to a weaker electric field in the comoving frame. The number of atoms per unit phase-space cell equals
Therefore, one could expect its energy levels to be less peFdN(K)/d*K](27#)*/V. Calculation of U—TS) for this
turbed and its effective mass to be closer to the zero-fieldlistribution gives
value,Nmy.

Because of thes_e uncertainties, we do n_ot inclugieird Fi'3=kBTE NSJ {|n[nsV?\H(27Tﬁ)2psV( K)]
our study but restrict ourselves to the atomic phase. Never- sv
theless, we include ground-state kholecules in order to

)\H )ZWSV(KL)eXF{ﬁXSV(KL)] , (48)

psv( KL)Z ( 27Th Zsy

wg, (K, )efxs KUK dK | (50)
0

—1— 2
determine the validity domain of our results. 1= Bxsi(K)}psu(K L )dK
We, (K )
_ 3 sy\IM L 2
B. Free-energy model kBTg Ns, J I Ns A gz, | Psr (K KL
Our free-energy model is a straightforward generalization (52

to the magnetic case of the model presented in Sec. Il B:
(©) 4 =(p) L eney C o neu The contribution of molecules should be added to this ex-
F=Fid+Fi§ +Fig ™ Fraot Fet Fex (46)  pression. We estimate it taking into account only the mol-
ecules in their ground state. This is an acceptable approxi-
mation atB=10'?G, because the energies of different types
of molecular excitations are not much smaller than the elec-

derived in Secs. Il A1 and Il A 2, respectivellf,,qiS given troni itati fthe atomi61 ¢ to th fiold
by Eg. (11). The Coulomb parFS, has been discussed in ronic excitations ot the atom ](con_rary 0 the zero-Tield
case, so that excited levels cannot give a large contribution

Sec. |lIB. l;leouw let us consider the ideal and nonideal Con'to the molecular IPF at those relatively low temperatures

N neu )
tributionsF;4™ andFe, " brought about by the bound species. where the molecular fraction is larg20]. We also neglect

. Since the quantL_JmeechamcaI _character!spcs of an atorﬁwe(unknowr) motional modification of the molecular spec-
in a strong magnetic field depend in a nontrivial way on th rum. as noted in Sec. IVA 2

transverse pseudomor_nentu_m, the distribution of atoms Thus, we include in the ideal free energy of the bound
over K, cannot be written in a closed form, and only the speciest™! the term

distribution overk, remains Maxwellian. Leps, (K, )d?K | id

be the probability to find an atom with givers,f¢) in an
elementd®K ; near the poink, of the transverse pseudo-
momentum plane. For the Maxwell distribution, we would . o
have ps,,(Kl)I(ZTrﬁ)’z)\ﬁexp[—Kf/(ZmH)]. In the gen- WhereXH2= 2x00(0)+Q, is the molecular binding energy,
eral case, the number of atoms in an elem#t€ of the andQ, is the dissociation energy fitted as function pin

pseudomomentum space is [20,61.
The nonideal parfFg;"is calculated in the hard-sphere

N K2 approximation using Eqsi17)—(19), where the composite
dN(K)=N —Hexr< _ _Z) po, (K )d3K,  (47) atomic number isc=(svK,) and the obvious generalization
*2mh 2my) 7 of =, includes [p.,(K,)d’K, . The effective atomic size
I.=ls,(K,) is given by fitting formulag24]. The effective
whereN,= [dN,,(K) is the total number of atoms with the Siz€ Of t?e "g mcﬂzecule in the ground state is estimated as
specified discrete quantum numbers. The distributiodn,=[2a8m+174 17 where the longitudinal size is,,
Ns,Ps,(K ) is not given in advance but should be calculated~1,,+ry. Here,l,q is the longitudinal size of the ground-
self-consistently by minimization of the total free energy, state H atom fitted ifi24], andr y~12.7(Iny) ?2is the equi-
including nonideal terms. librium internuclear separation given [&0].

The ideal electron and proton free enerdié® andF (P are

Friz= Ni ke TEIN(M A ) =1 xu, ], (53
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C. Equilibrium conditions T

_ 2 3 2 3 3
The thermodynamic equilibrium for the free-energy 7 3|\|mtv[NH(<I )35+ NuNR(1) + Ny, ((1%)

model (46) is given by a generalization of the equations in 5 by 3 3 5 3
Sec. Il C, taking into account the fact that the atomic IRF 39, +3(DIR, +1H,) + NpNp I +4NG TR T,
now includes integration ovef, . In particular,dF ¢/JN 61)
in Eq. (23) is replaced by a functional derivative.

In the conditions studied here, neutral atoms can eXiS\svhere
only in the regime of strong magnetic quantization and weak
degeneracy. Therefore it is convenient to write the general-
ized Saha equation using E(4) and describe the devia- w1 ‘ )
tions from it by a separate factar. For the ideal free energy (1= N_g‘ Nst ls,(KLP(K K, . (62)
of protons, we use Eq.35), and the one for the atoms is H s

given by Eq.(52). Thus the generalized Saha equation reads The dissociation equilibrium is given by E(5), where

Z, Is replaced by/szexp(XHz) andZ,, is modified accord-

Aohe(27aZ)? : :
M= NpNe p e)\3 m [1—exp(—ﬁﬁwcp)]ZWeA, ing to EqHsS.(SO) and (51). From Eq.(26) we obtaanH2
H =(w®)2w[}>, where
(54) 2
where (1= 7/2)In W)~ 1577+ 9
Inwyi>= =3 , (63
A=Buo—In(2ma? Ore  Pe oo e
=Bue—In( 71'am)\ene)"'ﬂ&m ne_ ang (55
o o) o_ A7 2

allows for deviations of the exact value (2 from that Inwi, == = [Nu(3(1%)1k,
given by Eq.(34) due to electron degeneracy and population
of excited Landau levels. The distributions of atoms over the +3<|>|ﬁ2—<|3>)+(nH+ Np+ 6nH2)|a2]_ (64)

discrete quantum numbers and over the transverse pseudo-
momenta are given by Eq&19) and (48), respectively.

The occupation probabilities can be presented as a proqéhﬁ‘);zltl:itéogo?]fstlf 2;#5?;(6?’25“p:p:]eme?;?éjs t?r/]eth: zlto
uct of two terms that arise frofS, andFg: p T MHT 2NW,=No, Y q

librium abundances and the free-energy value. The solution
C\HS is sought by an iteration procedure, in analogy with the zero-
We, (K ) =wrwg (K, ). (56)  field case described in Sec. Il C, and the EOS is obtained
. from Eq.(27). In the strongly quantizing magnetic field and
Hereafter, we exclud®l, from our formulas by explicit use y the nondegenerate regime, the EOS is a sum of three ana-
of the electroneutrality conditioN.=N,. Then the Cou- lytic terms: the ideal ternP;y= ny,KsT+(40/3c) T4, the con-
lomb factor reads tribution due to the Coulomb nonideality given by derivation
of the fit described in Sec. Il B, and the hard-sphere contri-

IFS 2 ofS,  ofS bution Pys=47(1- 7/2)(1— 1) *nikg T.
InwC=pg=2=2fC4+ 2| = | (5 °
N, 31aInT" dlnrg
V. RESULTS
wherefg(rs,A)=BF¢/(2N,) is described in Sec. Il B. In S _
the Debye-Huakel limit, wC is given by[32] A. Distribution of plasma particles
1. Occupation numbers
Inwgy,= — V8, (8e?)3, (58) Figure 5 displays the distribution of the atoms over quan-
tum states given by Eq49) atB=10"? G and 16% G, T
The hard-sphere factor reads =10° K, and at two relatively low densitiesp
=0.001gcm?® and 0.1 g cm?®. The left panel shows the
he (1—7/2)In W(s?/)(KL)_5772+3773 relative oc_:cupation numbers for the tightly _bom_md_stat_es
Inw(K,)= , (B9 =0, for different quantum numbers The distribution is

(1-7)°

where Iw®=(3/dN,— 3/ IN,)[4N;o7] is the low-density
limit of InwHS and 7 is the packing fractiori18). Explicitly,

broader for higher density. This apparently surprising feature
is easily explained by the presence of the third quantum pa-
rameterK, , in addition tos and v. At low density most
atoms reside in the states with large value& ofbecause of

the large statistical weight of such states, which all have
=0 (Sec. IVA]. At higher density, these strongly decen-
tered states are removed by excluded-volume effects, and the
o2 distribution overs grows broader. Conversely, on the neigh-
+3ny[1s, (K () +15,(K (T (60 poring panel we observe a narrower distribution over

(0) A 3 3
Inwg,' (K, )=— ?{(nH—’_np)'s:;(KL)—’_nHz[lsv(KL)+|H2]
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FIG. 5. Distribution of atomic occupation
numbers atT=10°K for the magnetic field
strengthsB=10"?G and 16°G (indicated. For
each value oB, the distribution over the quan-
tum numbers at v=0 and overv at s=0 is
shown for two density valuesp=0.001gcm?
(hatched histogramsnd 0.1 g cm? (shaded his-
tograms.
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p=0.001 g cm-3

at higher density, because the excluded-volume effects elimifhe  pressure  ionization proceeds  aroundp
nate the hydrogenlike states. In the next section we shall see 12— 10 g cm™3. The excluded-volume and Coulomb non-

that ultimately, at still larger densities, only the ground-iqeal effects favor pressure ionizatippoth w'S andw€ in

centered state survives< v=0, K, <K). Eq. (56) are less than unily whereas finite electron degen-

The right two panels demonstrate the effect of increasin%raCy hampers it A>0). Because of the reduced atomic
3 o i Loty .
B to 10°G. Due to the larger binding energies, the OIIStrIbu'volume, the pressure ionization occurs at densities orders of

. _ 73 .
IIOE atn’;r_'?'dl ?nctrr? hras r:)(jec?r?e r|1|arvrvov\v/, ;N'trt‘ trr?orlev?t?rgsnmagnitude larger than for the zero-field cd$]. At T
concentrated In the ground state. HMowever, at tN€ IOWer AeN- ) 5.5y the molecular fraction becomes non-negligible at
sity, the distribution ovew has changed weakly, since the e 107 g cm
increase of binding energies is accompanied by a decrease 'of : .

g d P y Not all of the neutral atoms that contribute to the EOS

the atomic siz€and hence a decrease of the nonideality ef- . o ; .
fects. may be identified spectroscopically. Because of their pertur-

bation by plasma microfields, the atoms that do not satisfy
the Inglis-Teller criterion form “optical continuum.” An ap-
proximate estimate of the fraction of atoms below the optical
continuum is given by a generalization of the optical occu-
pation probabilitiesv, (Sec. Il D to the case of the strong
magnetic field according to E¢l4) of Ref.[65]. This “IT”
fraction is shown by the long-dashed lines. Their rapid de-
crease indicates that the atomic spectral features disappear
e<51§oundp~1Og cm 3, long before pressure ionization.

2. lonization equilibrium

Figure 6 shows the ionization curves at three value§ of
for B=10"G. The heavy solid lines represent the total frac-
tion of atomsf,=ny/ng in all quantum states, calculated
according to Eq(54). Thin solid lines show the fractiofy,
of atoms in the ground stats€ »=0, but anyK, ), and the
dashed lines show the fraction of atoms in the centered stat

(K, <K,, anysandv). For reference, triangles display the The approximation of Lai and Salpet20], also shown

zero-field atomic fraction given by EG20). in the figure(dotted ling, clearly underestimates the neutral

We see that a strong magnetic field generally INCTease{action at low density and overestimates it at high density,

the neut_ral .fFaC“O”- A.t low de.nsmes, .the me_ted atoms Con'especially at high temperature. At low density, the discrep-
tribute significantly. Since their effective size is proportional

) ) ) o ancy arises mainly from an underestimation of the decen-
to K, the integratior(50) gives roughl%zsvocno ; there- ored states because of an incorrect fitting formula to their
fore foo decreases asymptotically @g”. Because of the pinding energies. From a comparison with the dashed line in
broadening of the distribution (roughly, maxvxny %), the  Fig. 6, we see that the fraction of centered states can be
low-density wing of the curve for the total neutral fraction estimated by the approximatidi20] at p<<0.1gcm® and
has a slopefy=ng®, which is very moderate compared to T<10°K. At higher T or largerp, the atomic abundance is
fyoc né’z in the nonmagnetic cadériangles. overestimated 119,20 because of neglecting nonideal ef-

The centered atoms, whose pseudomomentum is limitefects. Although the neutral fraction is very significant, it
from above by the critical valuK,, have a nearly density- never dominates the plasma at the value3 ahdB shown

independent IPF at low. Therefore their fraction behaves as in Fig. 6, contrary to the prediction of Ref20]. (At T

f.erNg, and they disappear much faster at lpvand espe- =10>°K, the maximum isf,=0.41 atp~5 gcm °.)
cially at highT (compare the dashed lines in the upper and Figure 7 shows the ionization curves for a stronger field,
lower panels B=10"G. Under this condition, the neutral fraction still

At high densities, on the contrary, the decentered statesicreases. AtT=10° K (top pane), f,, exceedss: at p
become depleted due to the excluded-volume effects, so that0.1 g cm 3, reaching the maximum of 85% at=10. Most
the dashed line in the figure merges with the solid ong at atoms in this regime reside in the centered ground state. On
=10gcm 3. At still higher densitiep=10°gcm 3, all ex-  the other hand, aT=10°°K and p~10°—1GF gcm 3, the
cited states disappear, and only the statev=0 survives. molecules are the dominant species; hence our present model
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FIG. 6. lonization isotherms &=10'2G and three values af FIG. 7. The same as in Fig. 6 f&=10">G. The vertical line in

(indicated: total fraction of atomsfy=ny/ny (heavy solid lines  the top panel separates the region of thermodynamic instability.
and the fractions of ground-state atoftisin solid lineg, the cen- _ _ _ _
tered atoms(short-dashed lings and the optically identifiable There is no confidence in the reality of the PPT because of

(Inglis-Tellen atoms (long-dashed lings The dot-dashed lines its model dependence. In our case, an additional uncertainty
show the molecular fractiori,,=2ny,/ng, which is below the is introduced by the simplified treatment of molecules.

frame in the bottom panels. For comparisdp,in the zero-field The B dependence of the atomic fraction at two values of
case(triangles and in the approximation of Lai and Salpetdotted T and two values op is shown in Fig. 8. The totafy is
lines) is also shown. drawn by solid lines and the “optical(Inglis-Tellen frac-
tion by dashed lines. Triangles in the left panel show the
may be not accurate in this- T domain. total fraction of atoms atB=0 (it is negligible atp

A comparison with the result by Lai and Salpeter is not=10gcm 2 on the right panél Dotted lines correspond to
performed forT=10°°K (the bottom panel of Fig.)7be-  the approximatior20] at T=10°°K.
cause the approximation8.11), (3.12 of Ref.[20] yield a It was found previously10,11] that the ionization degree
negative IPF in this case. decreases with growin@® above ~102G only at T<5

At T=10°°K and p=300gcm 3, there appears thermo- X 10°K but, in contrast to the present results, increases at
dynamic instability ¢P/dp<<0) leading to a phase transi- higher T. This behavior was attributed to two effects: de-
tion. The stability is recovered at=8000 g cm >, where the creasing phase space occupied by a plasma particle with
plasma is fully ionized. This phase transition is a completegrowing B, which favors ionization, and increasing binding
analogue to the plasma phase transitip®T) predicted in  energy, which disfavors it. Our present result arises from the
the zero-field case by several theoretical mofi@s66 but  motional perturbations of the atoms, neglected 10,11]:
not yet confirmed in experiment. It is caused by a strondirst, increasingd increases the effective mass- and thus
Coulomb attraction between pressure-ionized plasma pathe statistical weight of the centered atoms, and second, at
ticles, which contributes negative pressure that cannot blw densities the atomic IPF is further increased due to the
compensated at low temperature until the degeneracy sets idecentered states.
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0 .

,.
p=10gcm™ ]

FIG. 8. Dependence of the atomic fractitn
-2 (solid lineg and the fraction of the optically iden-
tifiable atomgdashed lingson the magnetic field
/_/ strength at two values gf (indicated in the fig-
_s log,, T=6.5 ] ure, T=10>°K (upper curves and 16-°K
(lower ones$. The atomic fraction aB=0 (tri-
angle$ and the approximation of Ref20] (dot-

~_ \
~N
IIIIIIIIIII

log,, (neutral fractions)

,
|
|

=T

. _: ted lines are shown for comparison.
[ LS /,'
a4 a a B=0 T
sk 85 ]
N RPN R N I A BT
12 125 13 13.5 12 125 13 135
log,,B (Gauss) log,, B (Gauss)
B. Equation of state In the intermediate-density range 10 gchg p=<pg, the

Figure 9 presents four pressure isotherms obtained usirfffférences among the three considered cases are most im-
the free-energy model described in Sec. IV. For comparisorRortant. ForB=0, the plasma is fully ionized in this region,
we also show the fully ionized ideal-gas EQ@Sec. Il A) and thg electrons become part|.ally degenerate, making the
and the nonmagnetic EQSec. I). The vertical line bounds EOS stiffer. In a strong magnetic field, the electron degen-
the regionp< pg .. Let us first discuss the low-density regime €racy is reducedSec. ll); hence the ideal-gas EOS is softer,
p=10gcni3. At T=10°K, all three EOS reduce t¢®  €xcept for densities approachipg, where the degeneracy
=nekgT. At lower temperatures, the pressure deviates fropSets in and pressure grows rapujly. Partial recombination and
this law because of the partial recombination of atoms. Acoulomb nonideality lead to a still further decreas&oThe
discussed in the previous section, a strong magnetic fiel@réssure ionization discussed above has two opposite effects
increases the neutral fraction; therefore the pressure is r&n the pressure: the positive ideal-gas contribution of free

duced more significantly compared to tBe=0 case. electrons appearing in the course of the ionization and the
positive nonideal pressure of neutral species compete with

L B B B B y’ the negative Coulomb contribution. At loW, these effects
14 = log, B=12 e may cause the thermodynamic instability mentioned above,
'3 B 10 T ] which we observe on the isotherfi=10°K. The second
| — full EOS | lowest isotherm in the figure is slightly overcritical for this
7Y ideal gas 4 N PPT. The dependence of the critical temperaiyyrand den-
- ---B=0 47 i sity p. on B can be fitted by simple power lawk.=3
8 11 i x10°B%° K and p,=143BL° gcm®, where B,
£ 4 =B/(10*G). These fits provide an accuracy of a few per-
A 10 4 cent in the considered range of the field strengths 7
- 5 - X 10" G<B<3x10%G.
2 g R At higher densityp=pg, excited Landau levels become
CE populated due to the increase of the Fermi energy. Eventu-
8 = ally, at p>pg, the nonmagnetic EOS is recovered.
g Figure 10 demonstrates the effects of the strong magnetic
7 — field on the density exponent,=(JIn P/dIn p)r. Although
- . the pressure approaches the nonmagnetic valpe gt , the
g b Lo oo Loe o d b effects of magnetic quantization remain quite prominent for
-1 0 1 R 3 4 the derivativey,, as shown by the curvB=10"G in the
log,, p (g cm~?) figure. Consecutive population of excited Landau levels

causes the oscillations gf, and other second derivatives of
F around their nonmagnetic values. The regime where these
oscillations are significant is calledeakly quantizing2].

The effects of a strongly quantizing magnetic field on the

FIG. 9. EOS of partially ionized atomic hydrogen &
=10"%G (solid lineg compared with the EOS of fully ionized ideal
electron-proton plasm@lotted lineg and the EOS of partially ion-
ized hydrogen aB=0 (dashed lines The temperature logarithms . . -
are (frgm tgp to botton; log T[K]:G).SS, 6.0, 5.5? and 5.0. g]I'he ver- reduced heat capacm\{:ks 1(‘9U/‘9T)V divided by the
tical line corresponds t@g, above which excited Landau levels Number of plasma particled\o=Ne +N,+Ny+Ny,, are
become populated. shown in Fig. 11. In the nonmagnetic caslashed ling the
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) FIG. 11. Normalized heat capacity at the salvendB values as
FIG. 10. Density exponenj,=(dInP/dlnp)r at T=1°K i Fig. 10.

without magnetic fielddashed lingand in strong magnetic fields of

various indicated strengthiglot-dashed and solid lings o . .
This illustrates the main effects of a strongly quantizing

magnetic field on a partially ionized hydrogen plasma. Other

. _ 3 . . ) . . ) )
classical valueC, /No=3 is slightly exceeded at lower den-  thermodynamic quantities, obtained within the framework of
sities because of the thermal ionization of the atoms, and it ighe present model, experience similar profound modifica-

reduced to smaller values at higher densities because of eleggg.
tron degeneracy.

In strong magnetic fields, the heat capacity is modified
due to several effects. In the Iow-depsity reginig, is re- VI. CONCLUSIONS
duced compared to the nonmagnetic value because of the
quantization of the transverse motion of electrons and pro- We have developed a thermodynamic model of hydrogen
tons. The strongly quantized electrons have only one moplasma in strong magnetic fields, making use of the available
tional degree of freedom, so that their contribution reduces tejuantum-mechanical results for the fully ionized plasma and
Cve:%Ne- When protons are nonquantized and the plasmé&or the hydrogen bound species. Applicability of the devel-
is fully ionized, this amounts t€y/Ni,=1. In the general ©Ped model is limited to the temperatuiEsdensitiesp, and

case, the contribution of free spinless protons would be magnetic field strengthB at which formation of molecules
and other bound species more complex than the H atoms

may be neglected. This condition holds, for instanceB gt
Bhaog, 2 =10 and T=10°K (any p) or at T=10°K and p
) Np, (65 <10%T4/B1»)3gcm 3. Furthermore, although the theory
presented in Sec. IV is rather general, our numerical results
in partially ionized regions are restricted B,,=0.7, be-

which tends tc at Bhw,=0.73B1,/Te>1, where the pro-  cause fitting formulag24] for quantum-mechanical charac-
tons are strongly quantized. The interaction of a magnetiéeristics of the atoms moving in magnetic fields have been
field with proton spin, according to E¢g6), yields derived under this condition. This restriction is fulfilled for
the majority of neutron stars. For laboratory field strengths
(at y<1), perturbative methods may be sufficient.
) Calculations in the frames of our model show that the
(2) BIph wep N (66) magnetic field effects strongly modify the thermodynamic
VP |4 cos{ Bgphwe/4) | functions and phase diagram of the plasma, in particular the
partial ionization region. The abundance of atoms is signifi-
cant in the considered domain of temperaturds
which vanishes in the limiting cases dfw.,<kgT and ~10°-1(P°K and magnetic field strengti®~ 10'2-10"G
hwep>kgT. In the latter caseCy /Ny Would tend to; for  at densities up tp~10°—10*gcm 3, contrary to the zero-
the fully ionized plasma. In Fig. 11, however, this does notfield case. At relatively low densitiep1—100 g cm?3, de-
happen because of the contribution of neutral atoms, whicpending orB andT), the decentered atomic states possessing
are subject to thermal ionization in this T-B domain. On  a large constant dipole moment are significantly populated.
the contrary C,, increases with increasing, since the neu- Since these values gf, T, and B are typical of the atmo-
tral fraction becomes larger. The two humps visible on eaclspheres of isolated neutron stars, the physical effects dis-
magnetic isotherm correspond to the regions of the pressuissed above are expected to affect the spectra. It has been
destruction of the first excited atomic stae 1, =0 and shown[65,67] that the presence of a nonionized component
the ground state= v=0, respectively. In the latter casg,,  and, in particular, decentered atoms should produce observ-
even exceeds the nonmagnetic value, because of the delayable absorption and thus necessitate a modification of previ-
onset of degeneracy. Only with density approachipgs the  ous fully ionized atmosphere moddi8]. Work in this di-
zero-field value of the heat capacity recovered. rection is under way69].

C(l): E.ﬁ_
VP2 T\ 2sini( Bhwy/2)

C
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